Brownian dynamics simulation results of the time-dependent survival probability (S p (t)) of a donor-acceptor pair embedded at the two ends of a Rouse chain are compared with two different theories, one of which is the well-known Wilemski-Fixman ͑WF͒ theory. The reaction studied is fluorescence energy transfer via the Förster mechanism, which has a R Ϫ6 distance ͑R͒ dependence of the reaction rate. It has been reported earlier ͓G. Srinivas, A. Yethiraj, and B. Bagchi, J. Chem. Phys. 114, 9170 ͑2001͔͒ that while the WF theory is satisfactory for small reaction rates, the agreement was found to become progressively poorer as the rate is increased. In this work, we have generalized the WF theory. We suggest an approximate, reduced propagator technique for three-dimensional treatment ͑instead of 3N dimensions, where N is the number of monomers in the polymer chain͒. This equation is solved by combining a Green's function solution with a discretized sink method. The results obtained by this new scheme are in better agreement with the simulation results.
I. INTRODUCTION
Reactions between any two sites of a polymer chain have been a subject of great interest. [1] [2] [3] [4] [5] [6] [7] [8] Often these reactions occur via the distance dependent rate, such as fluorescence resonance energy transfer ͑FRET͒ by the long distance För-ster mechanism, 1,9-14 electron transfer reactions, 15, 16 etc. The mechanism of long distance FRET is Coulombic and is usually discussed in terms of Förster theory 1,2 which gives the following distance dependent rate of energy transfer,
where R F is the Förster radius, defined as the D-A separation corresponding to 50% energy transfer. k rad is the radiative rate, which is typically of the order of 10 8 to 10 9 cm Ϫ1 for the commonly used chromophores in FRET experiments. According to the above equation k rad can be understood as the rate of energy transfer when the separation between the donor and the acceptor is equal to Förster radius ͑i.e., R/R F ϭ1͒. The Förster radius is usually obtained from the overlap of the donor fluorescence with the acceptor absorption and several other available parameters. 9, 10 The dynamics of Förster energy migration has been investigated traditionally via time domain measurements of the decay of the fluorescence ͑due to excitation transfer͒ from the donor. 1, 10 As both k rad and R F are determined by the D-A pair, the rate of decay of the fluorescence intensity provides a direct probe of the conformational dynamics of the polymer.
Recently, this technique has been used in single molecule spectroscopy 17 of biopolymers [11] [12] [13] [14] and proteins, 11 where the distance dependence of FRET provides relevant information about the conformation and dynamics of single biopolymers. At any given time after the initial excitation, the fluorescence intensity is a measure of the ''unreacted'' donor concentration, that is, of the survival probability, S p (t).
The complexity of describing the dynamics of energy transfer of polymers in solution arises from the fact that, due to chain connectivity, the Brownian motion of the monomers on the polymer are strongly correlated. The many-body nature of polymer dynamics can be described by a joint, timedependent probability distribution P(r N ,t) where r N denotes the position of all the N polymer beads, at time t. The time dependence of the probability distribution P(r N ,t) can be described by the following reaction-diffusion equation,
where L B is the full 3N dimensional diffusion operator,
the subscript ''eq'' denotes equilibrium, R is the scalar distance between the two ends of the polymer chain, and D is the diffusion coefficient of a monomer presented a nearly analytic solution of the problem for any arbitrary sink. Pastor, Zwanzig, and Szabo 3, 18 tested the WF theory only for the average rate, by computer simulations when the sink is a Heaviside function. They found that the WF theory is efficient for the sinks with smaller radii. In spite of its importance, the WF theory has never been studied for a distance dependence rate, such as Förster energy transfer. Such a study is clearly important because the end-to-end probability distribution in polymer, peaks at a distance which scales as N 2 . ϭ1/2 for the Rouse chain and 3/5 for the self-avoiding walk ͑SAW͒. 19 Recently, we have carried out a Brownian dynamics simulation study of the dynamics of energy transfer in Rouse chain. 8 The polymer molecule was modeled as an ideal Gaussian chain with N monomer units with segment ͑or Kuhn͒ length b. The donor and acceptor sites were assumed to be located at opposite ends of the polymer chain. The resonance energy transfer rate, k(R) was assumed to be given by,
Note that the above-mentioned form is different from the commonly used form of the Förster rate, k f (R) given by Eq. ͑1͒. The (R F /R) 6 distance dependence is not appropriate here, since it diverges at R→0, which is allowed in Rouse chain, 20, 21 but not in a real polymer, where the end-to-end distance ͑R͒ never approaches zero, due to the excluded volume forces. Thus, the modified form ͓Eq. ͑4͔͒ used is reasonable. The reason that we use Rouse chain is that this case can be treated easily in theory. For example, the theory of Wilemski and Fixman 4, 5, 22 can be readily applied to the Rouse chain, because the necessary Green's function is available in analytic form.
It was reported in Ref. 8 that the Wilemski-Fixman theory, unfortunately, does not provide a satisfactory description for the following situations: ͑a͒ When the rate k rad is much larger than the rate of monomer diffusion, given by b 2 /D; ͑b͒ when R F is close to the separation where the probability of finding the chain ends is maximum. The above limitations of the WF theory were somewhat surprising and motivated the present work.
The main objectives of this paper are the following: ͑1͒ to present further Brownian dynamics ͑BD͒ simulations of Eq. ͑2͒, with k(R) given by the Förster rate ͓Eq. ͑4͔͒; ͑2͒ to present an alternative theoretical approach to treat the dynamics of FRET in polymers.
The new theoretical approach employs a reduced, threedimensional equation-of-motion. The solution of the threedimensional equation-of-motion employs a novel reduction of the equation-of-motion to one-dimension and subsequently uses a discretized sink model to obtain the survival probability. Henceforth, this method will be referred to as the three-dimensional reduced Green's function method ͑RGF͒.
It is found that the agreement of the results obtained from the new scheme with the simulations is superior to that of Wilemski-Fixman. However, the agreement is still not perfect in several limiting cases. The reason for this has been discussed.
Simulation details and the description of the WilemskiFixman theory remain same as that in our previous study. 8 The organization of the rest of the paper is as follows. In the next section, we introduce the RGF method. The implementation of this method through the discretized sink method is also presented in the same section. In Sec. III, the simulations results are compared with the theoretical predictions. Conclusions are presented in Sec. IV.
II. THEORY A. An approximate equation for the reduced Green's function
The formal solution of Eq. ͑2͒ is
P(r 0 N ,0) denotes the initial distribution and G(r N ,t͉r 0 N ,0) is the Green's function for the problem. This is exact, but not very usable as it involves all the r N . One would like to have an equation involving only the relevant coordinate, R. We derive such an equation in the following. The derivation involves two steps. First, we derive an approximate equation involving only the end-to-end vector R. Then, using the fact that the sink function depends only on the magnitude of R, this is reduced exactly to a one-dimensional diffusion problem.
As we are interested only in the dynamics of R, we refer to the remaining coordinates of the chain as the irrelevant coordinates and denote them by S. Instead of using the variables r N , one can use ͑R, S͒. We now write G(r N ,t͉r 0 N ,0), in terms of ͑R, S͒, as G(R,S,t͉R 0 ,S 0 ,0). The differential Eq. ͑2͒, is equivalent to the exact integral equation:
͑6͒
G 0 (R,S,t͉R 0 ,S 0 ,0) would be the Green's function if the sink is not present. We now introduce the conditional probability distribution P eq (S͉R)ϭ P eq (R,S)/P eq (R), where we define the reduced equilibrium probability distribution for R by P eq (R)ϭ͐dSP eq (R,S). Multiplying Eq. ͑6͒ by P eq (S 0 ͉R 0 )dS 0 dS, and integrating over all initial and final positions of the irrelevant coordinates S 0 and S, we get G͑R,t͉R 0 ,0͒
In the Eq. ͑7͒, we have defined the reduced Green's function for the R coordinate by G͑R,t͉R 0 ,0͒ϭ ͵ dS ͵ dS 0 G͑R,S,t͉R 0 ,S 0 ,0͒
with a similar definition for G 0 (R,t͉R 0 ,0). Equation ͑7͒ cannot be solved. So we introduce the approximation
With this, Eq. ͑7͒ becomes
The approximation of Eq. ͑8͒ has the property that it is exact in the limits t 1 →0 or ϱ. The physical meaning of the approximation is that if, from the equilibrium ensemble, one selects only those that have an end-to-end vector equal to R 0 and evolves them in time in presence of the sink, then the resultant probability for finding the system at R 1 , S 1 may be approximated by the product of two terms. They are ͑i͒ the exact probability that the end to vector has a new value R 1 , and ͑ii͒ the conditional probability for finding the irrelevant coordinates at S 1 given that the end-to-end vector has the value R 1 , calculated at equilibrium. This approximation would follow if one assumed that the irrelevant variables adjust to the instantaneous value of R. One expects that approximation is reasonable for longer times, but would show deviations for shorter.
B. Reduction to a one-dimensional equation
The main idea used in the subsequent steps is that the Förster reaction rate depends only on the distance R between the donor and the acceptor. Thus, the above threedimensional Eq. ͑9͒ can be reduced to a one-dimensional equation. This further reduction, however, requires some algebraic manipulations described below.
In Laplace frequency plane Eq. ͑9͒ takes the form, G͑R,z͉R 0 ͒ϭG 0 ͑ R,z͉R 0 ͒Ϫ ͵ dRЈG 0 ͑ R,z͉RЈ͒ ϫk͑RЈ͒G͑RЈ,z͉R 0 ͒. ͑10͒
By multiplying the above equation by d⍀ R and integrating over all the orientations of R we get,
where we have defined two auxiliary functions:
and G͑R,z͉R 0 ͒ϭ ͵ d⍀ R G͑R,z͉R 0 ͒.
͑13͒
Our interest is in the survival probability,
using the fact that P eq (R 0 ) depends only on R 0 , we can write this as,
Now it is convenient to define,
Then, P (R,z) obeys the equation
is now solved by employing a discretized sink method, developed earlier.
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C. Discretized sink method
In this method, the continuous sink curve is discretized into M number of intervals. Thus, in discretized sink notation the sink function ͓defined by Eq. ͑4͔͒ can be written as
͑18͒
Note that the summation is over all the sink points (s), where the populations are given by P(R s ,z). Equation ͑17͒
can be discretized as
By finding P(R s ,z) using this, a set of linear equations are generated. These can be written in matrix form as,
where the elements of matrices B, P, and P 0 are given by,
and
and k n ϭk(R n ).
Now note that G(R,t͉R 0 ), after averaging over the angles and using the Green's function definition ͑given in Appendix A͒, can be written in the following form
By taking the Laplace transform of G 0 (R,t͉R 0 ) and substituting in Eq. ͑19͒, we obtain P (R,z). The resulting P (R,z) can be used in the following equation to obtain the survival probability in z-plane.
͑25͒
Finally, the time-dependent survival probability can be obtained through the Laplace inversion,
III. NUMERICAL RESULTS
The discretized sink method can be conveniently used to solve Eq. ͑2͒ for a wide range of k rad and R F values. The method is fairly simple to implement and is not numerically intensive. In this section we present the results obtained by using RGF and compare with WF theory prediction, as well as with the BD simulation results.
In the reduced three-dimensional description the mutual diffusion becomes time-dependent. This can be expressed in terms of the end-to-end vector correlations function as follows,
͑27͒
Although D(t) has not been directly used in the present study, it provides a useful measure of the end-to-end diffusion. In Fig. 1 , we show the time dependence of the end-toend diffusion as a function of reduced time for Nϭ50. It decays monotonically with time from its initial value. The full line corresponds to the theoretical result ͓obtained by using analytical (t); see Appendix B͔. The dashed line is obtained by using simulated (t). As shown in the figure, the initial value, which correspond to the sum of the bare diffusion of the two ends (2D 0 ), decreases with time and saturates to a finite nonzero value in the long time limit ͑see Appendix B͒. Asymptotically, D sim (t) and D theory (t) approach somewhat different values in the t→ϱ limit. This may be due to the finite size effects. Figures 2 and 3 show the comparison between the survival probability obtained from the Brownian dynamics ͑BD͒ simulations and the theoretical prediction ͓Eq. ͑25͔͒, for k rad ϭ1. In both the figures, BD simulation results are shown by symbol, while the theoretical results are shown by line. The RGF and WF theory predictions are shown by full and dashed line, respectively. In Fig. 2 the survival probability for R F ϭ1 is plotted against the reduced time. The representation of Fig. 3 is the same as that of Fig. 2 , except that this figure is plotted for a larger R F value, namely R F ϭ5. Note that similar to the WF theory, the RGF results agree well with that of the simulation at smaller R F values. However, the agreement with WF becomes progressively poorer with increasing R F . On the other hand, the RGF results are in better agreement with that of the simulations, even at large R F values ͑shown in Fig. 3͒ , where WF theory completely breaks down in the long times.
In Fig. 4 the survival probability for a larger radiative rate (k rad ϭ10) is plotted at R F ϭ1. The RGF results ͑shown by full line͒ are again in better agreement with the simulation results ͑shown by symbols͒ than the WF theory ͑dashed line͒. However, the agreement with the present RGF method is not perfect.
The precise reason for the failure of our RGF is not clear at present. However, it is important to note that the reduced three-dimensional equation used in this study is an approximation. This is probably the main source of error in our treatment.
IV. CONCLUSIONS
In view of the limitation of WF theory at large rates 8 we have generalized the WF theory by reducing the 3N dimensional problem to three-dimensions. The resulting reduced Green's function equation is solved by using the discretized sink method to obtain the S p (t). Although the deficiency still remains in few cases, the results obtained from the new scheme are in better agreement with that of the simulations when compared to WF theory results. Note that the discretized sink method gives the same results as that of WF theory in the case of a delta function sink.
The techniques employed in this work could be employed in other related fields. The distance dependent rate appears in several other chemical processes, where the rate of transfer is known to show an exponential distance dependence. One such example is the electron-transfer reactions. It is of interest to use the method employed here to that problem as well. Finally, the simulations results obtained here should be analyzed by using the variational theory of Portman and Wolynes. 22 Work in these directions is under progress.
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